Supplementary Appendix to

Revealing Private Information in a Patent Race

Pavel Kocourek

Eugen Kovac

March 9, 2026

A Supplementary Appendix: Proofs for Appendix [A]

Throughout this section we drop the subscript C.

Proof of Lemma[A]. First, v**11 > vkl holds trivially as e®! > 0 by assumption. The
inequality v*'*1 < v*! holds trivially for [ = 1 (since v®? = 0); it remains to prove it

for [ = 0. Use mathematical induction: show that the weak inequality v

kL1 < k+1,0

implies the strict inequality v®! < v*0. We have v?' < v?® as both values equal 1. This

initializes the induction for & = 1, establishing the base case. Consider k € {0,1} and

assume that v
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and so 0 > vF!
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Proof of Lemma[A.Z. We prove it recursively by decreasing k and I. For k = 2 or
[ = 2 the uniqueness is trivial. Take any k,I € {0,1} for which the uniqueness of
pFFLL Rl g lHLE bR+ has been proven already (initially it is the case for k = [ = 1).

Separating eF = v!T1F — b in the equation (22,

%(v"““vl — )2 kil

okl _ Rl

1(k+10 _ )2 _
_ LR _ 3 (v 2) —rz
5 — philtl

bk — Lk Lk Lk _ ,yz,k;(vk,l>7

where ~M*(2) :

so that v"* is expressed as a function of v®! and other variables which are already known
to be uniquely defined. Notice that since v*! 1 < pF+LIFL < pk+LE (Temma[A.1]), we have

(vk+1’l _ Uk,l+1)2 _ Tvk,l+1 > 1(Uk+1,l+1 i Uk,l+1>2 _ mk,l+1 >0,

1
2 2

where the last inequality §(v*THHE — pFH)2 — pyklHl > 0 follows from equation (22)

applied to state (k,l + 1) with ¢/™5* > 0; and so the strictly decreasing function z

1

L (v — 2)? — rz has unique root on the interval (0% vFF1h): denote it TF.

It follows that v*(2) is a strictly increasing function on the interval (vF+1 ki),
Moreover,
1,2 kbl g L(ktil)2
,yl,k(z) — UlJrl,k 2 2
o _ okl
(g1l gkt k41
—_ U bl —_— /l) I’ j— TU b
1k _ 1, kIl ) k+1] 1 3 (
= ot — ST T o — 22— Y
z— vk

Since the term in the numerator is positive, function 7%*(z) is concave. In summary,

7k (2) is a continuous, concave, strictly increasing function on the interval (vF+1 ok

with range from —oo to v't1F.

By symmetry, there is a continuous, concave, strictly increasing function v%!(z) de-
fined on the interval (v"**+! ¥%*] with range from —oo to v¥*5! such that v®! = ARl (vbk).
As illustrated in Figure [1] it should be clear that there is a unique point (v%! vb*) €

(P R x (VbR B that satisfies both vbF = AbE(pR8) and Pt = ARL(pbF). O

SA-2



vl+1,k 1

TRLEE

bkt [ [
; ; : k,l

: : v
Uk,l+1 Ek’l ,Uk+1,l

Figure 1: Illustration of the uniqueness of v*! and v* as an intersection of the graphs of
reaction functions.

Proof of Lemma[A.3. Let

Cz) = 32 (- 1)e
(2) =12+ (r+ )z — Ve =,

*l(z) = %22 +(r+ez—(r+e(1—e'h),
(P(z) =32+ (r—e"+e" =z —r(1—€").

Then e*! satisfies ¢¥!(eF!) = 0 for all k,1 € {0,1}. In addition, ¢*!(z) < 0 when 0 <
z < efland ¢PY(z) > 0 when z > €Ml for all k,1 € {0,1}. Indeed, using the optimality

Rl — pk+Ll 9kl we can express the values in terms of efforts: v!' =1 — e,

condition e
10 =1—¢!0 0 =t 0 =1l - and v = 010 —e% = 110 Substituting
those values into , we obtain that equation can be written as (®!(eP!) = 0, for
all k,1 € {0,1}. Observe that for any k,l € {0, 1}, the quadratic polynomial ¢¥!(z) has a
positive leading coefficient and a negative intercept, and so it has a unique positive root.
Hence, ¥ is the root, and ¢(¥!(2) is negative to the left of the root, and positive to the

right of it.

(i) Evaluating ¢! at the lower and upper estimate of e'!,

— 3
<0, and QH(EH):—>O

e - - Sl

.
(2r + 3)2

The former yields E'* < ¢!, whereas the latter yields e!! < B .

11_U01<UH:1_€11<1_E11 1

(ii) Applying the result of (i), ' = v = 55
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(iii) We have

Clo(Em) = %(FlO)Q LB el (Elo —e) —r
S LYE 4B+ MNEC-E) -
> %<E10)2 + TElU + FOl (Elo . Ell) _r

_ 2 + 3r + 2r? =0
C2(242r)2(2r2 4+ Tr +6) T

where the first inequality follows from (i) and the second inequality from (ii) and EY -

E' = —1/[(2+2r)(2+1)] < 0. Thus, indeed E" > el

(iv) For r > 1, we have

<00<EOO) — %(EOO>2 +EOO<7, . 611 + 610 . 601) . ,,,(1 . 610)
<3EO?+E°r—E"+E) —r(1-E")
R
C(B42r)2 77

where the first inequality follows from (i), (iii), and €°! > 0.
For r € (0,1), let f(r) := ("(E™). At r =0, we have e!* = 2 (from ('), and the

0

coupled system for €%, ¢%! reduces to a single equation for the ratio q := e'?/e%:

F+2¢—4g—2=0.

Substituting, one obtains f(0) = (4¢3 — 6qo — 1)/[18(1 + 2qp)], where g is the unique
positive root of the cubic. Since the cubic is increasing for g > % and evaluates to a
positive value at ¢* := (3 + v/13)/4 (the positive root of 4¢> — 6¢g — 1), we get ¢ < ¢*
and hence f(0) < 0. Moreover, f is decreasing on (0,1), as can be verified by implicit
differentiation of the equilibrium system. Therefore f(r) < f(0) < 0 for all r € (0, 1].

This implies E% < €%, O

B Supplementary Appendix: Proofs for Section
(Patent Race with Unobservable Progress)

Proof of Lemma[1. The posterior belief follows the Bayes Law. Take the conditioned
probability pi as given and assume that the game has not ended by time ¢. Then with
probability (1 — p/) the state is &/ = 0, and with hazard rate e it proceeds to the state
k;ﬁ +a¢ = 1; with probability p{ the state is ki = 1 and with the hazard rate etl 7 it proceeds
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Figure 2: Continuation values and efforts in the four different states of the complete
information version of the game as a function of the research difficulty p.

and the game ends. Then

Pr[kl a =1k <2]
Pr [kl A, < 2|k <2]
_« — pl)e? At + pl (1 — e? At) + o(At)

1 — pley? At + o(At) ’

Pi;m =Pr [ktJrAt 1| kt+At <2 =

and so

= gt = (=t =l

At=0
This completes the proof. n

C Swupplementary Appendix: Proofs for Appendix

Proof of Lemma [B-1. Multiplying each equation in the system of ODEs (24)—(26]) by a/v
and dividing the first two by v yields:

. \ 2 , ,
1 1 1, 1
0,7 1 [ ae? ar cae; 7\ v

e =5 —\ ot
v 2 v v v v

7‘7
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This system is equivalent to — with parameters v = 1, a = 1, and p = ar/v, and

transformed variables

oI aet
o = L/vj e = L/”, and  py Zpia/w
/l) v
where k € {0,1}, j € {A, B}. N

D Supplementary Appendix: Proofs for Appendix [C|

Throughout this section we study symmetric equilibria, therefore we omit 7 € {A, B}
from the superscript and use the normalization v = 1 and a = 1.
We state some elementary properties of a function that will be used in numerous

proofs.

Lemma D.1. For any given r > 0, the function ¢ : [0,1) — [—r, +00), defined by

22

S 1
18 strictly increasing and strictly convex, and it admits a well-defined inverse function
Y=t [=r,4+00) — [0,1) that is strictly increasing and strictly concave. In addition, 1
has a unique positive fixed point z,. Moreover, z, € (%, 1), ¥(z) < z for all z € [0, z,),
and Y(z) > z for all z € (2, 1).

Proof. We first establish the properties of 1. Both z + 2? and z + 1/(1 — z) are strictly
positive (except at z = 0), strictly increasing, and strictly convex on [0, 1). Their product,
2%/(1 — z), thus shares these properties, and so does 1(z) = 2(12—;) — 7.

We have ¢(0) = —r < 0 and lim, ~ ¥(2) = +00. By continuity and strict monotonic-
ity, 1 is invertible, and its inverse 1)~! is well defined and strictly increasing. Since 1) is
strictly convex, 1~ ! is strictly concave.

From the above, ¢ has a unique fixed point z,, as it crosses the 45-degree line at
exactly one point. This implies ¥(z) < z if and only if z < z,. Finally, evaluating at

2

z = % gives w(g) =5 < %, which establishes z, > % O

Proof of Lemma[C.d. A critical point is characterized by the condition (€, €3, pg,) =
(0,0,0). Dropping the subscripts, we obtain e’ = pe! and

0=
0=

(€)= (r+e’)(1—e, (2)
(") = 5(e")* + (r +¢”)e". (3)

1
2
1
2
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Under the assumption that e' € (0,1) and p € (0,1), the above system is equivalent toE|

0_ (e!)?
e = m -, (4)

0\ 2 el
1:(;) T (5)

Define the function ® on the interval (0, 1) by

D(z) = [Mr L %)

z 1—2’

where the function ¢ is defined by . Then the critical point is characterized by the
system of equations € = ¢(e!), 1 = ®(e!), and p = €'/e!. Recall that by Lemma
the function 1) is strictly increasing. The function & is strictly increasing on the interval
[471(0),1). To see this, note that both ¥ (z)/(1 — 2) and (z)/z are strictly increasing
functions of z on this interval, since 1 (z) > 0 there. Moreover, ® (¢)=1(0)) = 0, and

() > [W(z)/=]" = 1,

where z, is the fixed point of 1. It follows that the inverse function ®~! is well defined
on [0, 1].

We conclude by assigning e! = ®1(1) € (¢71(0),1) C (0,1), €® = ¢(e'), and p =
e®/et. Since 1 < ®(z,), e! < z,, and so by Lemma[D.1] ¢® = ¢(e!) < e!; moreover, e* > 0
since ¢! > ¢)71(0). Consequently, p = €°/e' € (0,1). The tuple (e', e’ p) is the unique
critical point of the system of ODEs (27)—(29) with the desired properties. O

Before proceeding with the proof of Lemma [C.2] we establish some useful inequalities
among the variables at the critical point (Lemma [D.2)F]

Lemma D.2. At the unique critical point (e',€°,p) = (eg,,, €%, ,pg,) the following state-

ments hold:
(i) et > 3 >vl;
(ii) €® > v'lel;
(i) r+ e > el
11Th1e 2equation is obtained by substituting for (r + €%) in from , and dividing the equation
by 5(e')? > 0.

2In this section we drop the subscript for the values of the variables at the critical point; specifically
v' =1 — e! represents vy ,.
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Proof. (i) If r > 1, then (3) = + —r < 0, and so ¢¥~'(0) > 1. Since ¢! > ¢~1(0) by
Lemma [C.1] we get e! > 1. If r < 1, then ¢(3) = 1 —r € (0,

D (1) = [¢(5)} +¢(§)< (%) +%:§+§<17

and so ¢! = ®~!(1) > 1. In either case, v! =1 —€' < 1.

), and so

=

(i) If € < e'v! = e!(1 — e'), then the equation ([5]) would lead to a contradiction

80 2 60 1\2 1 1 1
1:(5) tras(l-e)f+e<(l-e)te =1

(iii) Applying the result of (i),

1\2 1 1 1
() __ e e _ e
2

0: pu—
AR R s P R

This completes the proof. O

Proof of Lemma[C-4 Consider the critical point (e',e”,p) = (eg,,€%,,pg,) and define
w =1+ 2¢” and h := e' — €°. The Jacobian of the system (27)-(29) is equal to (recall
that e® = pe! at the critical point )

wH+el—p 0 —ovlet

J=| —el+pe® w elel

—p(l—p) 1—-p —h

Eigenvalues A\ of J are the roots of the polynomial Q(\) := |J — AI|, where I is the

identity matrix. We obtain
Q) =(w+e'—p—N) [(w —A)(=h =) — eoh} + vlh[el —plw +e° — )\)] (6)

We can express the polynomial in terms of its coefficients as Q(\) = — A3+ b A2 — by A+ by.
Then, by Lemma (i), p=€"/e' < 2€°, and so

by=2w+e' —p—h=2r+5"—p>2r+3e > 0.

3The Jacobian entries are computed from OF, § /Oe! and OF, éf /Op evaluated at the critical point, using

equations (27)-(29).
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Next, using inequalities from Lemma [D.2] (i) and (ii),

bo/h = Q(0)/h = —(w+ €' —p)(w+€°) + e'v' — p(w + )
=—|w+e —p(l—ov")](w+e)+e'o!
= —(r+e’+e')(r+3e%) +e'v!
< —3(r+3e") +e <.

Since Q(0) < 0 and Q(\) — 400 as A — —oo, the polynomial Q()\) has at least one
negative root; denote it A;. It remains to prove that the other two (complex) roots g, A3
have positive real parts. According to Vieta’s formulas, by = A1+ Xo+ A3 and by = A Az 3.
Then A+ A3 = bo— Ay > 0 and A3 = by/A\; > 0. If the roots Ay and A3 are real numbers,
then they are necessarily positive. If the roots have nonzero imaginary parts, then they

must be complex conjugates of each other, and thus have positive real parts. O

Lemma D.3. Let o' : [0,1] = R, t € R, be a system of continuously differentiable
functions that uniformly converge to some continuous function w™ : [0,1] — R as t —
+00. Assume that w™ has a unique 100t 2o and that (W) (ze) > 0. If 2, = W'(z),

where z; € [0,1], for all t > 0, then z; — 25 ast — +00.

Proof. Consider a fixed ¢ > 0. Define L. = 3 - min{|w™(2)| : z € [0,1], |z — 2o0| > €}
Since w™ is continuous with a unique root z.,, L. is well defined and positive.

Since the functions w! converge uniformly to w*, there exists 7. > 0 such that
lwi(2) — w™(2)] < L. for all z € [0,1] and ¢t > 7..

Using the triangle inequality, we conclude that if |z, — 2| > ¢ and ¢ > 7., then
‘wt(zt)‘ > |w™(z)| — {woo(zt) — wt(zt)| >2L.—L.=1L,.

Specifically, given that (w™) (ze0) > 0, w'(2;) < —L. for z; < 20 — € and w'(z) > L.
for z; > 2o + . Since %, = w'(z), it follows that if 2, < 2., — € for some ty > 7., then
2 < Zoo —€— Lo+ (t —tg) for all t > ty, and eventually z; goes out of bounds. Similarly, if
2ty = Zoo +€ for some ty > 7, then z; > 2z + e+ L. - (t — to) for all £ > g, and eventually
z; goes out of bounds. We conclude that for every € > 0 and every t > 7., |z — 20| < €,

and so indeed z; — 2o, as t — +o0o. O

Proof of Lemma[C.5. The Markov property requires that all equilibrium strategies and
dynamics depend only on the current belief pg,. Thus, if pg, = pg,, at distinct times,

we must have pg, = pg,,. Therefore, pg, cannot double back or form plateaus except at

SA-9



the critical point, so pg, is necessarily monotone. Since pg, is monotone on a bounded

range, it converges to some value DS, 00"

The ODEs (27)(28) for ef, and €%, can be written as

¢5 = g (e5y), where  rg'(2) == 52" — (r+pg,2)(1 — 2),
€% = R (€,), where  rg'(2) == 52" — 5(eg)” + (r +pses,)2.

The functions #g'(2) are continuously differentiable and converge uniformly to #g™(z) =
322 — (1 + pgooz)(1 — z) as t — 400. Since kg™ is a quadratic function with a positive
leading coefficient, negative intercept, and m}q’oo(l) > 0, it has a unique positive root
ek € (0,1) and (kg™)'(el.) > 0. Applying Lemma we conclude that ey, — eg ..

Similarly, the functions H%’t<2) are continuously differentiable and converge uniformly
to ke (2) = 122 — 5(€500)7 + (1 + Pgoolling)? as t — 400, Since kY™ is a quadratic
polynomial with a positive leading coefficient, negative intercept, and m%oo(e}gm) > 0, it
has a unique positive root €% . € (0,ek ), and (k¢) (€2 ) > 0. Applying Lemma ,
we conclude that €, — €% .

Since €3, < €§, it follows from that pg ., < 1, because otherwise pg, would
necessarily be negative for ¢ large, which would prevent it from reaching pg ... We con-
clude that (e§ .., €3 oo; Ps,o0) IS a critical point of the system (27)-(29) with pg ., <1, and
thus, by Lemma » (€85000 €800 P500) = (€545 €31 P e)-

Finally, provided that pg, < pg.,, Pg, 1s necessarily increasing. O

Proof of Lemma[C.3. As the first step, we show that Ay < —h = —(e! — €°). It follows
from () and w = r + 2¢° that

Q(—h) = —(r+e"+2¢' —p)e’h +v'h- [e" — p(r+2e° +€")].

By Lemmal[D.2) (i), p = ®/e! < 2¢® < 2¢! and €® = pe! > pv'. Thus, (r+e’+2e' —p)e® >

re® > rpv! and we obtain

61

Q(—h) - 7 < —rpe' +e'[e! —p(r+2¢° +e')]

= (e!)? = ple)? — 2pe! (r +¢")
— eVt —2e°(r + %)

< ()= (") =2(r+€”)e’ =0,

where the last equality follows from . Since the polynomial Q(\) has a unique negative
root, Q(—h) < 0, and Q(\) — +00 as A — —oo, thus indeed \; < —h = —(e! — €Y).
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The eigenvector associated with A; is characterized by the vector equation (J —

Ml )pg = 0, which is equivalent to

(w+e —p— Mg —vle'ply =0,
—(e! = pe) g + (w — M) g + el g = 0.

Clearly, p's # 0, as otherwise the whole eigenvector g would be zero. Since the coefficient
of g in the first equation is positive, ug/pl > 0. Substituting for pg from the first into
the second equation and using the inequality A\; < —(e! —€°) together with the inequality
e’ > e'v! and €' > 1 (Lemma (ii) and (i)),

1 0
;(w +el —p— ) (w— )\1)% = (¢! —peP ! —e(w+e' —p— A1)
S
=e'v' —e’(w +e' — pet — \p)
=elvt —(r+ e’ +et —\))
<e’—e(r+2e' <.
In conclusion, u%/u% < 0. O

Proof of Lemma[C.6. We will only prove that ég, > 0 here. The proof that é3, < 0 is
lengthy and is deferred to Section . More specifically, it follows from Lemma (1)

Consider a solution (eg,, €3, pg,) of Problem |I| with p € [0,pg,) such that pg, > 0
for all ¢ > 0. By Lemma [C.3] the variables converge to their critical point values. By
Lemma the direction in which the solution converges to the critical point satisfies
pig/ i > 0. This implies that ég, > 0 for ¢ large.

Suppose, for contradiction, that égt > ( fails at some tg > 0. Then, by continuity,
there exists t; € [tg, 00) such that é}gyt . = 0. Let t; be the greatest time with this property.
Then, €5, >0, since 0 = ég, < ég, for all t > t;.

Recall that the dynamics of e, are governed by the ODE

(eé,t)z —(r+ pS,te,IS',t>(1 - eé‘,t)

N

€st

(see equation (27)). Taking the time derivative and evaluating at ¢t = ¢;, after noting

that ég, = 0, we obtain
-1 1 1 .
eS,tl = _es,h(l - eS,tl )pS,tl < 07
since eg, € (0,1) and pg, > 0 for all £ > 0 by assumption. This is a contradiction. O
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Proof of Lemma[C.4 Since the trajectory satisfies Problem [I] for ¢ > 0, the time-shifted

trajectory starting at any ¢y > 0 is a solution of Problem[I|with p = pg, . By Lemma|C.3|

it converges to the critical point; by Lemma , ég, > 0and g, <0 forall t > 0.
Condition pg, > 0: Since eg, is increasing and ey, is decreasing for ¢t > 0, with pg,

T - 1 10 0
strictly increasing toward pg,, we have eg < eg,, €54 > €5, and pgy < pg,. By (29),

ps,o =(1- ps,o)(eg,o - ps,oeé,o) > (11— ps,o)(eg,* - PS,*eg,*) =0.

Condition e > 0: Since ey, is increasing and converges to eg, < 1, we have egy < 1.
Suppose ego = 0. Then by (27), é§, = —r < 0, contradicting the continuity of é§, > 0
for t > 0.

Condition ¢, € (0,1 — egy): Since ey, is decreasing and converges to eg, > 0, we
have €%, > 0. It remains to show that €3, < 1 — eg,. Since €%, +eg, < 1 for all t > 0,

by continuity €, + eg, < 1. Suppose for contradiction that €%, + ego = 1. Then, by

and (28),

-0 .1 10,0 \2 1 \[.0 1 1.0 \2
€0+ €s0 = 5(€s0)” + (" +psoeso)leso — (1 —egg)] = 5(eg0)” >0,
which contradicts eg, + eg, < 1 for all t > 0. Therefore, €%, < 1 — eg.
Condition pg, € [0,1): By continuity, pg, > 0, and since pg, increases toward pg, <

1, we have pg < 1. O]

D.1 Monotonicity of Effort %, (Proof of Lemma |C.6))

Consider p € [0,pg,) such that Problem [I| with initial condition pg, = p has a unique
solution (e%,,eg,,pg,). Let Eg(p) and Eg(p) be the functions verifying the Markov
property of the solution, as specified in Problem . Assume also that pg, > 0 for all
t>0.

The difficulty of showing that éosyt < 0 for all ¢ > 0 is that its proof relies on the
fact that ég, < €%,pg, for every t > 0. This is equivalent to showing that é,/ps, =
(E5) (ps) < €3

The function EL(p) solves the ODE

X'(p) = v(X(p),p) = 25 5 (7)
where the functions F§, F§ are defined in (27)-(29). The function v allows us to analyze

the ODE for E{ while regarding EY as given.
To show that (E})'(p) < m for a given m > 0, we analyze the isoclines Y (p;m) of the
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ODE @ — functions that map p to = such that = solves the equation v(x,p) = m. The

analysis proceeds as follows, based on specific lemmas:
e Lemma (D.4| establishes key identities at the critical point for future use.

e Lemma [D.5|shows that if the isocline Y (p;m) is well defined and if it has slope less

than m, then so does EL(p).

e Lemma establishes conditions under which the isocline Y (p; m) has slope less

than m.

e Lemma verifies the conditions of Lemma for m = 605,*7 and establishes that
éos,t < 0 and é}g,t < e%,*p&t for any t > 0.

D.2 Identities at the Critical Point
The following lemma establishes identities at the critical point that are essential to the
proof of Lemma [D.7]

Lemma D.4. At the critical point (', €°,p) = (eg,,, €%, Ds.), the following relationships
hold:

(i) (e')? —e' + e’ (2e! +r+e” —p) =rp(2—e');
(ii) 2r —re! + 2e° — 2e%! — 3(e%)? = r(2e° +e!).
Proof. (i) We analyze the left-hand side of (i) by examining the terms (e')? — e!, 2¢e%!,
and €° (r + e — p) separately. Note that we use the fact that e = pe! and e! = €°/p in
the proof.
The term (e')? —e! can be expressed as (1 — 1/e!) - (e!)?. Substituting for (e!)? using

equation (3)), we have
(61)2 o 61 — (1 _ 1/61) . 60(27“ + 3@0) = (60 —p)(27’ + 360).

The term 2e%! can be represented as 2p- (e')?. Substituting for (e')? using equation (2)),
we obtain
2e%e! = 2p-2(r + ") (1 —e') = —(e” — p)(4r + 4€°).

Next we use the obtained identities to substitute into the left-hand side of (i), and obtain
[(61)2 — el] + (26061) + €° (r +e0 — p)
= (e —p)(2r +3€°) — (" — p)(4r + 4€°) + € (r + ¢’ — p)
—r(2p— )
=rp(2 —et).
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(ii) Rewriting the left-hand side of (ii) using equations and (3)), we obtain

re! +2(r +€)(1 —e') — 3(e°)?
=re! + (e')? — 3(e)?

= re' + 2reY.

D.3 Isocline Analysis

Consider any m > 0. To implicitly characterize the isoclines of the ODE X'(p) =
v(X(p),p), we define the function « as follows

a(z,p;m) = Fg(z, E§(p),p) —m - F§(x, E¢(p),p), V(z,p) € Ry x [p,pg,]).

Note that a(z,p;m) = (v(z,p) — m)F§(z, ES(p),p).
Substituting the expressions for F¢ and F% from equations and into the

definition of «a(z, p;m), we have

a(z, pym) = Fg(z, ES(p), p) — mF§(x, Eg(p), p)
= [%IE — (r+pz)(1 —2)] —m[(1 - p)(Es(p) — px)].

Collecting terms in z, we obtain

alz,p;m) = (% —l—p) 2+ (7" —p+p(l— p)m)l’ - (7" + (1 - p)Eg(p)m). (8)

Lemma D.5. For any p € [ﬁ,p&*] and m > 0, the function «(-,p;m) possesses a
unique positive root, denoted Y (p;m), and a (Y (p;m),p;m) > 0. Additionally, given
25 € [ﬁapS,*)f Zf

Y'(p;m) <m forall p e (p,ps.)
then

(ES) (p) <m forall pe [P, Ps..)-
Proof. As x +— a(x,p;m) is a quadratic function with a positive leading coefficient and a
negative intercept, it has a unique positive root, Y (p;m). At this root, a,(x,p;m) > 0.

Additionally, for any = > 0,

alz,p;m) >0 <<= z>Y(p;m). 9)
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Figure 3: Graphical representation of the function EL(p) (solid curve) in relation to the
isocline Y (p; 6%7*) (dashed curve). Both curves lie above the line with slope e%y* passing
through the point (pg,,eg,) (dotted line). An arrow marks the directed field of the ODE
X'(p) = v(X(p),p) at a chosen point on the isocline Y (p; e%y*).

Claim 1. For anym >0, Y (pg,;m) = eg,.

Proof of Claim[1. Given Fg(eg,,€s,,pg.) = Fé(es,,€%.,ps.) = 0, aleg,,pg,;m) = 0.

Thus, 6}97* is the unique root of x + a(z,pg,;m). [ |

Claim 2. For any p € [p,pg,) and m > 0,
(Es)(p)2m <= Eg(p) 2Y(pym),

with equality in one implying equality in the other.

Proof of Claim[3. Since (E) (p) = v(E&(p), p) and
a(w, p;m) = (v(w,p) —m) - F§(x, Eg(p), p),

with FE(E4(p), E&(p),p) > 0f] we have (EY)'(p) > m <= a(E§(p),p;m) > 0. By (@),
this is equivalent to F&(p) > Y (p;m). Equalities match by definition. [ |

To conclude, suppose for contradiction that for some p € [p, pg ), we have Y'(p;m) <
m for all p € (p,pg.), but (EY)(po) > m at some py € [P, ps.). Since E}g(ps’*) =
Y (ps..m) (by Claim, the functions E¢(p) and Y (p; m) intersect in the interval (po, pg., .
Let p; denote the leftmost intersection point, which exists by continuity of the functions
and their differing slopes at py. This implies EL(p) > Y (p;m) for every p € (po,p1),
and consequently, (F%)'(p) > m throughout this interval (by Claim . This contradicts
the mean value theorem applied to p — EL(p) — Y (p;m), since Ei(py) > Y (po;m) (by
Claim [2), EL(p1) = Y (p1;m), and Y'(p;m) < m for all p € (po, p1)- O

4The conditions of Problem [1| require p st > 0.
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D.4 Slope of the Isoclines

To characterize the slope of the isocline Y (p; m) implicitly, we introduce the function 3

as

B(x,p;m) = ap(x, p;m) + mag(x, p;m),

for all (x,p) € Ry x [0,pg,]. Incorporating the partial derivatives, we get
Bla,pym) = 2* + (2m — D)z +m[r —p+mp(l —p) + Eg(p) — (1 = p)(EL) (p)], (10)

indicating that §(-, p;m) is a quadratic polynomial in z.

Lemma D.6. For a given p € [p,pg,) and m > 0 satisfying (1 — pg,)m > % 65*, if

B(es, — (ps, —p)m,p;m) >0 for all p € [p,pg.,], (11)

then (E§) (p) <m for all p € [p, pg.).

Proof. Consider any p € [p,pg,] and m > 0.
Claim 1. (Y (p;m),p;m) > 0 if and only if Y'(p;m) < m.

Proof of Claim[]. Given that Y (p;m) is the root of a(-, p;m), by the Implicit Function

Theorem,
a, (Y (p; m), p;m)
az (Y (p;m), pym)’

where the denominator is strictly positive as per Lemma [D.5| This yields

Y'(pym) = —

0=, (Y(p;m),p;m) +Y'(p;m) - au(Y(p;m), p; m),

which, when compared to the definition of (3, verifies the claim. [ |

Claim 2. If 5(z,p;m) > 0 for some & € [% —m, Y (p; m)}, then Y'(p;m) < m.

Proof of Claim[4 By (10), 8(-,p; m) is a quadratic function with minimum at z = %
m. Thus, G(z,p;m) > 0 implies B(Y (p;m),p;m) > 0, which yields Y'(p;m) < m by
Claim [II [ |

Fix p € [p,ps,) and m > 0 such that (1 —pg,)m > 5 — eg*, and define ?(p; m) =
es. — (pg,. —p)m for all p € [p, pg].

Clatm 3. If both B(Y(p; m),p;m) >0 and Y(p; m) <Y (p;m) hold, then Y'(p;m) < m.

1
2

Proof of Claim[§ The condition (1 —pg,)m > 3 — ef,, implies Y (0;m) > + —m. Thus,

Y (p;m) > 5 —m. The claim then follows from Claim . [ |
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Claim 4. If /B(Y(p; m),p;m) > 0 for all p € [p,pg,], then Y'(p;m) < m for all p €
(ﬁaps,*)'

Proof of Claim/[4 Suppose otherwise that Y'(p;m) > m for some p € [p,pg,), while
ﬁ(}}(p; m),p;m) > 0 for all p € [P, ps.]- By Claim 3| this implies )7(1_9; m) > Y (p;m).
Since }A/(p&*;m) = eg, = Y(pg.;m) (by Claim [l in the proof of Lemma [D.5) and
Y'(pg.;m) < m (by Claim , the functions Y (-;m) and Y (-;m) must intersect in the
interval (p,pg.). Let p be the largest point of intersection. At this point, Y (p;m) must

intersect Y(p; m) from below. However, by Claim , we have Y'(p;m) < m, which is a

contradiction. [ ]

By combining Lemma and Claim [, we arrive at the desired conclusion. O

D.5 Proof of Lemma [D.7

Lemma D.7. Let p < pg, be such that Problem 1| with initial condition pg, = p has a
unique solution (€%, es,,pg,). Assume that pg, >0 for allt > 0. Then for any t > 0:

(7’) ég,t < O;'
(ii) élS,t < eg',*ps,t'
Proof. Define p®® as the infimum of values in [, Ps..] such that inequality (i) holds for all

p € (p%,pg,), and similarly for pi™. We show that p@ = p{*) = p.

By inequality (i), integrating over (p, pg,) yields Eg(p) > g, for all p € [p("),ps,*).
Claim 1. Either p) = p or p® < pl@).
Proof of Claim 1. By Lemma , (E9) (ps,.) = m? < 0. By continuous differentiability
of E¢(p), inequality (i) holds in a neighborhood of pg,, so p® < Ds-

If p® = p, the claim holds trivially. If p@® & (0, ps.), then since p; > 0 whenever
Pt < ps,,. condition (i) at p = p; is equivalent to é%, < 0. Fix ¢, > 0 such that p,, = p'¥).

By the definition of p®, %, = 0 and &2, < 0. However, taking the time derivative of
and substituting €3, = 0, we obtain

-0 _ 1 -1 0 . 0 -1
eS,to - €S,t0<_eS,to + eS,toptO) + ptOeS,toeS,to

> ProCs4, [ Fs(Pro) — (E5) (Pt )]
> ProCigl€5,. — (E5) (p)).

For &%, < 0 to hold, we must have (EY)'(p™) > €%,. By continuity of (E§) (p), we
conclude that p™ > p®. [ |
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Claim 2. p'™ < p@@,

Proof of Claim 2. We apply Lemma with m = 6%7* and p = p®. To verify the

lemma’s conditions, note first that the inequality (1 — pg,)m > - es,, holds since

)
es, > 3 (by Lemma [D.2((i)), so that

(1 _pS,*)eg,* > 0> % - 6,15',*'

To verify (L1)), we substitute = := 639,* — (ps. —p)m in and separate the (pg, — p)
terms

Bles. — (D — D)EG .o D3 €5)
= B(egs Pssi €5.) + (P — D)es. [(ps. — P)es, — 265, + (1 — 265 ,)]
+eg, [—p+eg.p(l—p)+ Es(p) — (1 —p)(EY) ()]
— €, [pg. + €. (1 —pg.) + €5, — (1 —pg,)ml],
- 5(65*7175,*3 eos,*> + (s, — p>€05,* [2193 *6%* +2 - 265* - 36%7*]
+e5. [Es(p) — €. + €5, [(1—pg.)mi — (1= p)(ES) ()] -

By inequality (i), 5(e§, — (pg. — p)e%.. p; €%,) is bounded below by

/B(eé*’pS,*; eg,*) + (p57* o p)eg,* (2p5,*€%,* +2 - 26}5‘,* - 36%,*) + (1 o pS,*>€g,*m2 = B(p),

for any p > p®. Since 3(p) is linear in p, verifying reduces to verifying that 3 (Ps.) >
0 and 3(0) > 0. We have

B(pS* ﬁ(e,S*ﬂpS*? ) +(1_pS,*)eg,*mg

(e}q,*) (265 * 1)6}9* + eg* [7’ - pS* + pS,*<1 - pS,*>eg,* + 6%’*]
(els,*) 65* + es* (265* +r+ es* Ps,*) = 1pg.(2 — 6}9,*) >0,

V

where the last identity is by Lemma (i); and likewise

~

B<0) - B(Z?S,*) +ps,*€%,* (2p57*eg,* + 2 — 26}9,* — 36%’*)
> Ps « [QT - 7"639,* + eg,* (2])57*6%’* +2 - 26}9’,* - 36%,*)]
> Pg « |:2T - Te}?,* + 26?@',* - 26%,*6}9,* - 3(6%,»)2} = TpS,*(QeoS,* + 6}9?*) > 07
where the last identity is by Lemma (ii). [ |
By Claim 1 and Claim 2, p® = p(# = p. Thus, inequalities (i) and (ii) hold for the

entire interval (p,pg,,)- O
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E Supplementary Appendix: Proofs for Section [6]
(Patent Race with One Firm Known to Have a
Breakthrough)

We use the normalization v =1 and a = 1.

Rather than characterizing the trajectory of the vector (ka,vz?,vg?, pﬁt) via the

ODEs —, with optimal efforts substituted from (11)), we equivalently characterize

the trajectory of the vector (ei{f, ezlf, eg?,pA ;) as follows:

Problem 1. A trajectory (eAt , 6114?, eA .- D4 ,) satisfies the following system of ODEs:

ey = 5(eie)’ = (r+piei)(—eqy) = Fyedy, ey, e pi) - (12)
ey = 5(exy)’ = (r+ e —ell) = FyP(eqy.eiieie vi,)  (13)
€5t = 3(ehe)’ = (e + (r+ ey = FaP(elheng iy vy (14)
pA,t =(1 _pit)( OA? _pgt ix]tg) = Fp<€Ata eixjtga ?4?71’50 (15)

with the initial condition p%, = p € [0,1), constraints ei‘?,em € (0,1), e%’f € (0,1—

6}4?) and pit € [0,1) for all ¢ > 0. Assume strategies are Markov in the posterior

belief pf ,: there exist functions EY EYP ) and ES® such that ei{f = Ei’A(pf{:t) ez]f =

EifB(pﬁ,t), and 6?4’? = ES{B(pﬁ,t) for all ¢ > 0.

The proof of Proposition 4| has two steps. We first establish local existence and
uniqueness of a solution in a neighborhood of the critical point. We then extend this
solution uniquely backward in time until the posterior belief reaches 0. The first step

relies on the following three lemmas.

Lemma E.1. The system of ODEs (12)~(15)) has a unique critical point (eA o 61145;, e%f,pA .
such that eA*,eA* (0,1), 6,4* (0, eA*), and p%§ , € (0,1).

Lemma E.2. The Jacobian at the critical point of the system of ODFEs f has

one negative eigenvalue and three eigenvalues with a positive real part.

Lemma E.3. Any solution of Problem converges to the critical point (ezA*, eiﬁ, e%E,pA .)

as t = oo. Moreover, if pﬁo < pﬁ*, then the beliefpf}t 1S 1ncreasing over time.
The proof of Lemma relies on the following auxiliary lemma.

Lemma E.4. Define functions ¢*4, ¢V2 : [0,1] — [0,1] as follows. For p® € [0,1], let
oVB(pP) denote the unique fized point of the function Y(z) = =1 (Y=Y (pP2)), and set
VA (pP) = (¢ B (pP)). Then the functions ¢4 and Y2 are well defined and strictly

increasing. Moreover:
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(i) If i, > p® for all't > to, then eAt > ¢4 (pP) and eAt > VB (pP) for all t > 1.

(i) If p&, < p” for all t > to, then e At A< phAPP) andeAt < ¢VB(PP) for all t > t,.

E.1 Proofs of Propositions 4] (Existence and Uniqueness) and
(Effort)

The structure of the proof of Proposition [4] is analogous to that of Proposition [2, but
it differs significantly in certain technical aspects. Specifically, while the former relies
on the fact that (E)(p) < 0, here we use a weaker analog: (E%”)(p) < 0 whenever
E%P (p)—pEY" (p) is close to zero. This is easier to prove analytically than (E$”) (p) < 0
globally (which can be verified numerically).

Before proving Proposition 4] we establish some properties of a candidate solution.
Suppose that there exist functions EXA(p), Ei{B(p), E%B(p) representing a solution of
the system of ODEs — on some interval [pL,pf,*], where 0 < py, < pﬁ’*. Note that
i (p) > 0 for all p € [py, pi*): by Lemma , the belief pﬁt is monotone increasing, so

p5, = oh(ph,) > 0 whenever p§ , < p% .. Denote

oi (p) == 3ES ) — [r + pEZ" (D)) [1 - E4" (p)]

oi7(p) == 3EX" ) = [r + EX (0)] [1 — E5" (p)]

0% (p) == SES ()] = SEX" () + [r + B (0) EY ()
oh(p) == (1 = p)[EY" (p) — pEL" (p)]

corresponding to the right-hand sides of (§ . . As estabhshed above, %) (p ) > 0 for

all p € [pr,p},). For notational convenience, set eAftl = e (ph ), 6114? = "B (ph ),

ey = e®P(ph ), where pf , is the solution of the ODE

p]j,t = Uﬁ(pit) =(1- pf,t) [6073(295,1:) pA te (pA t)]

with initial condition piO = pr. Then the ODEs f can be rewritten as

ExYw) = A B =G e =S o

We obtain the following two lemmas.
Lemma E.5. (E5Y(p) > 0 and (EYPY(p) > 0 for all p € L, p5.)-

Lemma E.6. For any § > 0 there exists ¢ > 0 such that |ES” (p) — pEY" (p)| < € implies

J%B(p) < 0 forallp € [pL,pﬁ* —4].
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The backward extension of the solution additionally relies on one more lemma.

Lemma E.7. Let (eAt,ez]f,eAt,pAt) be a solution of Problem 1| for t > 0. Then the
constraints of Probleml 1| and pf o > 0 also hold at t = 0.

Proof of Proposition[{]. Let pr, be the infimum of the P values of p € [0, pfy*) such that
there exists a unique solution (ez’?,ezf, e At,p At) to Problem (1| with initial condition
pﬁo = p. We need to prove that p;, = 0. We will do this by contradiction. Suppose that
pr, > 0.

We begin by showing local existence of unique solution. At the critical point (6114”12, eLB;,
the Jacobian has one negative eigenvalue and three eigenvalues with a positive real part
(Lemma; accordingly, there is a unique stable direction (M}L{A, ukB %P kP, More-
over, ,uZ’B # 0 (Lemma . The Hartman-Grobman theorem (Teschl, 2012, Theorem
9.9) therefore guarantees the existence of a locally unique trajectory (6114’;1, e}ﬁ, e%f, PR
of ([12)-(15) with p%, > 0 for all ¢ > 0 that converges to the critical point as t — oo.
Moreover, since ezi, eA* (0,1), eA ., €(0,1— ei{ﬁ), and p% . € (0,1), the constraints
on the trajectory are satisfied for all sufficiently large t. The Markov property is also
trivially satisfied, as pf?t is strictly increasing. Taking into account that every solution
to Problem (1| converges to the critical point (Lemma , there must exist a unique
solution to Problem I for some p € |0, pf .)- We therefore conclude that p; < pi*.

Let (EAA, e ,égB,ﬁﬁ) be the limit of (eAO, ei‘%, e%lg,pA o) corresponding to the so-
lution of Problem [I] with the initial condition p as p N\, pr. Since the system of ODEs
— is autonomous, solutions to Problem |1 with progressively decreasing initial con-
dition p are extensions of each other except for that the time shifts, and so the limit is
well defined.

The vector function (Fjl’A, Fjl’B, FX’B, F7%) is locally Lipschitz continuous, so by the
Picard-Lindel6f theorem (see, e.g., Teschl, 2012, Theorem 2.2), there exists a unique
solution (611413, 6114]?, eAt ,p3 ;) to the system of ODEs (12)(15) with the initial conditions
(611413, 6114%;, eAO,pA B = (eAA, 24P 2% BB) for t on some neighborhood of 0. In fact, the
system has a unique solution for all ¢ > 0, as those correspond to the solution of Problem /I]
with initial condition p > p;. What is more, the existence of a unique solution for ¢t < 0
on some neighborhood of 0 means that by shifting time we can conclude that Problem
has a unique solution for some p < p, so long as we ensure that Problem [1| constraints are
satisfied. By Lemma [E.7| the constraints indeed hold at ¢ = 0, including p% ;, > 0. Since
the solution of the system of ODEs — is an analytic function, the constraints are
also satisfied on some neighborhood of 0. As p% , > 0, p%, < pr, for t < 0. We conclude
that there exists some p < pr, such that Problem |1| with initial condition piO = p has a

unique solution, contradicting p; > 0. ]

SA-21

0,B
A*7pA>k

);



Proof of Proposition[J. The existence of a solution is guaranteed by Proposition 4], the
claim then follows directly from Lemma [E.5] n

E.2 Proofs of Propositions (Comparisons)

Proof of Proposition [0 We first establish the mequahty between efforts, e’ A t < ez? The
corresponding statement for continuation values, v} A7t > v A,t , follows from the identities
in (T1).

We begin by verifying that the effort inequality holds at the critical point ie. 6,1471 <
eA .- Recall from Lemma that the critical point efforts satisfy p% *eA K w(eA Ay and
eA . w(eA ), where (2 ) =22/(2(1—2)) —ris the functlon analyzed in Lemma

Suppose, for the sake of contradiction, that e < eA Then p& *eA L < pA*ez’i <
ei’ﬁ, where the strict inequality follows from pf{’ . < 1. Since ¢! is strictly increasing,
applying it to both sides yields 1~ (pA*eA Py < 1/1 (6}4‘4*) By the critical point condi-
tions, eA . = w(eA %) and pﬁy*ei{ﬁ = ?ﬂ(e,l(i) SO eA . < eA ., which contradicts the initial
assumption.

Next, suppose to the contrary that e’ At > el At 4 does not hold for all ¢t > 0. Let 7 > 0

be the smallest real number such that e’ At > el At 4 holds for all ¢t > 7. Then necessarily
6114?_ = 6,141 and eAT > eAT However, by (12)-(L3)),

et = B — (r 4+ 98, ekP)(1 — e
~ HEEP (a1 1)
> H(ELBY — (r+ e ) (1 — k) = &4,

where the strict inequality uses pif <1 and el? = b4, This is a contradiction.

It remains to prove the comparison of continuation values from the perspective of
an informed party. Since firm B is informed, its continuation value is vz’f Let v 1 A/B
denote the continuation value of firm A from the perspective of an informed party. These

continuation values satisfy the following system of ODEs:

.1,A/B A By 1,A/B
oY = (el = (r e,
-1,B ,B A B
_U114,t = %(62,02 (T+€it)vit

The latter ODE is identical to The former ODE differs from @ for v by the

absence of the p% A term, since the informed party knows firm B’s state. Thus, the

perceived hazard rate of B’s patenting is simply its true hazard rate, e1 B

Consider the critical point. From the inequality 6}412 < 61145 estabhshed above, it
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follows that

1/,1,4\2 1/,.1,B\2
UI’A/B o §(eA,*) 5( A,*) . ULB
* - 1,B 1,A = YAx
Tteg, e,

A/ 1,B

Therefore, vtl AB A necessarily holds for ¢ large. Suppose, to the contrary, that this

inequality does not hold for all t > 0. Let 7 > 0 be the smallest real number such that

1,A/B q. 1,A/B .1,A/B .
vy’ P < U}{? holds for all ¢ > 7. Then necessarily vy™/? = vbB and op B < 1)114’5.
Together with el4 < e8| this implies

"LA/B _ _1(,1,A\2 1,B\,1,A/B 1(,1,B)2 1,A\ 1,B _ -1,B
vr /B = _E(e’r ) + (T ter )U’T / > _5(67 ) + (T te; )UT =V
which is a contradiction. O

Wy

Proof of Proposition[]. Throughout this proof, we omit the “x” subscript on variables
denoting critical point values. Recall that, in the private information case, the critical
point values satisfy equations ([4)—(5), with p = °/e’.

%\ ” el
1=1(— .
(el> +1—61

The proof proceeds in four steps: Step 1. We show that e! < e'Z. Recall that

p=-¢e"/el, e® =¢(e!), and thus equation (5] can be written as
1 2 el

1 = ,6 = + T,

np.e)=p +p

where 7 is strictly increasing in both arguments. Moreover, from ,

B e?  Y(el) B el T
P=r = 21 —el) el

which is strictly increasing in e'. Therefore, the function z — n(¢(z)/z, z) is strictly
increasing.

Similarly, in the one-sided information case, p? = e%B/ebB 0B = y(el4), and
equation (7)) can be written as 1 = n(p®, e"F). By LemmalE.§[i), !4 < e". Therefore,

7A )
0 (ngl),el) 1=y <¢S,1B ),el’B) <7 (@/)(;71]33)761,3) ’
B

where the strict inequality follows from the monotonicity of n and v. Thus, e! < !5,
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Step 2. We show that e®B < €% Equation (] can be equivalently written as

0\ 2 0
1=0(e ety = [ & _c
@)= (5) o

el

where 6 is increasing in €°. For any z € [e!, 1),

Q0 _  2(e)? e?
59(6,2)—— " +(1_2)2>O,
because 5
_ 7 0

where we use z > e* > 1 and ¢(z) > 9(e') = €. Therefore, the inequality e? > e! from
Step 1 implies 0(e%, e'"B) > 0(e°, e!) = 1. However, equation gives 0(e%B el'B) =1,

so necessarily €% < €Y.

Step 3. We show that e'4 < el. Since 1 is strictly increasing and e®? < € by Step 2, it
follows that
el,A — 1/1_1(60’3) < w—1(€0) — 61.

Step 4. We show that p® < p. From Step 1, e! < e"B, and since 7 is strictly increasing
in both arguments, it follows from n(p,e!) = 1 = n(p?, e!P) that p? < p. This completes
the proof. n

E.3 Proofs of Supporting Lemmas [E.1

Proof of Lemma[E.1. We proceed analogously to the proof of Lemma [C.I A critical
point of the system (12)(L15)) is characterized by (éz’ft‘, éi{f, é(j{f,pﬁ,t) = (0,0,0,0). Drop-

ping the subscript, we obtain e®? = pBel-® and

0= %(e“‘)2 — (r+e"B)(1 — e,
0=3(e"")? = (r+ PN (1 — e,
0= %(60,3)2 o %(61’3)2 + (T + el,A)eo,B.
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This system is equivalent to

1,A\2
0B — () —r
2(1 —eb4)
1,A (61’3)2 _
© T —etBy
0B 2 0B

Define the function I'(z) on [0,1) by

Y((2))

1—z 7

+
z

) [ww(z»r

where 1(z) is as introduced in Lemma . A quadruple (e!4, elB %8 pB) is a critical
point of the ODE system (12)-(15) if and only if e*? = ¢(e!4), eV = y(ehF), 1 =
I'(eb?), and pP = %8 /elB,

Consider z € [1p)~1(¢71(0)),1). The functions 1(z)/[1 — 1 (z)] and v(z)/z are strictly

increasing and positive on this domain. Therefore, their product, as well as

v(z)  w(z) v { b(2)? _r] 1 9()
2(

1
2 1-4(z) = =z 1—1(2))

zZ Z

9

are strictly increasing and positive. Consequently, I'(z), being the sum of two strictly

increasing functions, is strictly increasing. Moreover, T'(y~1(¢71(0))) = 0, and

Fel) [ww(el&))r B (_) .

11 11
o €c

where el is the equilibrium effort in state 11 under complete information, satisfying
Pled) = el (see Lemma . Therefore, 6114’73; =T711) € (v 1 (0)),ef) is unique.
By Lemma 7 ebB < ell implies el = 1)(ebB) < ebP | which in turn implies %8 =
P(et?) < el Thus, p? = e%B/el'P < 1. Hence, the quadruple (e!4, elB %8 pB) is
the unique critical point of the ODE system —.
Finally, the condition e®? < 1 — eb? follows from (17)). O

Before presenting the proof of Lemma we establish several useful inequalities at
the critical point, summarized in Lemma below.

Lemma E.8. At the unique critical point (eb4, elB %P pB) = ( 114”’2, ei’f, e%’ﬁ,pﬁ*), the
following hold:

(i) vhB <obt <L < el < ebB
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(”) 60’B > 61’BU1’B;
(iii) 7+ ebA 4 OB > elB

Proof. (i) The inequality e < eb? was established in the proof of Lemma . Since
v =1 — el and vPP = 1 — ebB, it remains to show that % < e, Recall that
1 =T(ebB), el = 9(ebP), and both 1 and I are strictly increasing. Thus, the claim is
equivalent to 3 < ¢(I'"(1)). Let 2 := ¢~!(5). We now show that T'(¢) < 1.

Observe that

and

We then obtain

~ . 4 .
L) 2 1z » 32
5 2 5
il P R
)

32 22 7 8(3—5)

where the last inequality follows from 1 < 22/(1 — 2), which implies 22 > 1(3 — /).

(ii) Suppose, for contradiction, that ¢%8 < ebBylB = elB(1 — ¢bB). Then, from

equation (|17)):

(% — €

0B 2 0B ) s _
1:(6173) —1—1_613_(1—6 B2 pelB < (1—eP)+etP =1,

a contradiction.

(iii) Recall that et = 9(el?), and so

(61,3)2

m 1B)

r 4 el = > (e > ebB el

where the first inequality follows from ¥ > 1 (by (i)), and the second from ¢*# >

eLB(1— 1B (by (id)). O

Proof of Lemma[E-3. Consider the critical point (!4, elB %8 pB) = (ez’i, eiﬁ, e%é,pA L)
and define

wa =1 —+et+ eO’B, and hf = el B _ 0B,
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The Jacobian matrix of the system of ODEs — at the critical point is

WA _pBylA 0 _elBylA
- —obB ws + hE 0 0
0B —ebB W 0
0  —pP(1—-p") 1-p° —e"P(1-pP)

The eigenvalues of J4 are the complex roots of the characteristic polynomial Q4(\) :=
det(Ja — AI). We compute

wa— A —pByla 0 _oLBylLA
Qa(N) = det _31]738 wat }iEB_ A 0 0
e —eb Wy — A 0
0 —pP(l-p") 1-p" —e"P(1-p")—A

Subtracting (p?/eb?) times the last column from the second column, and using e'"?(1 —

pB) = hB, we obtain
Wy — A 0 0 —elBylA
Qa = det | U wathEoA 0 0
4 0B —ebB wa — A 0
0 2o 1—pB —hB—\

Expanding along the first row yields:

Qa(N) = (wa — AP (wa + hig = M) (=D — )

—pbB wap + hﬁ - A 0
+ e BylA . det | 0B —ebB wa — A
B
0 ﬁﬁ)\ 1-— pB

= (wa = A*(wa + hY = A)(=hj = X)

+ b AyhB [e"BRE 4+ pP(wa — NN — vl’AeO’Bhf(wA + hE —\).
We can express the polynomial in terms of its coefficients as Q4 (\) = A — dsA\3 +

doA? — di\ + dy. Taking into account the inequalities wy = r + eV + %8 > b4,
wa+hE =r+e A4 elF > el B and 0P <ot < < el < e (by Lemma [E.§i)),
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we have

do/hE = QA(0)/hE = —(wa)*(wa + hE) + vV A1 BB — 1408 (1, 4 BE)
< —(wa)*(wa + hE) + oAt Bel P

< —(wa)*(wa + h5) + (wa)*(wa + h5) = 0.

Thus, @4 has at least one positive root and at least one negative root (recall that Qa(\)
diverges to infinity as A — oo or A — —00).

We now show that ()4 has a unique negative root, denoted A, ;. Observe that
ds = 2wy + (wa + hE) — hE = 3w, > 0.

Since Q'4(A) = 24X — 6d; < 0 for all A < 0, the second derivative Q’j()) is strictly

decreasing on (—oo, 0]. Moreover,

DA _ 4y = (wa)? — (B)? — W — 002 > 0,

2
where the inequality follows from w4 > v¥4 > v1 (by Lemma[E.§[i)) and w4 > h% (by
Lemma [E.§[iii)). It follows that Q’4(A) > 0 for all A < 0, so Q4 is strictly convex on
(—00,0]. Consequently, Q4 has a unique negative root.

It remains to show that ()4 has no root with a non-positive real part and a nonzero
imaginary part. Suppose, for contradiction, that A, , is such a root. Then its complex
conjugate A, 3 must also be a root. Let A, 4 denote the unique positive root of Q4. By

Vieta’s formulas, we have
d3 == >\A,l + )\A,Q +AA,3 + )\AA'

Since all roots except A4, have non-positive real parts, it must be that A, > d3 =

3wy > 0. But this would imply Q4 (3w,) < 0. However,

QA(?)QUA) = (2wA)2(2wA — hf)(BwA + hﬁ)
+ pbAyhB [el’Bhﬁ — 6pB(wA)2] + vl’Aeo’Bhﬁ(QwA — hﬁ)

> (2wa)?wa(3wa) + (wa)?*[—6(wa)?] = 6(ws)* > 0,

where the inequality follows from w4 > v'4 > v4F (by Lemma[E.§(i)) and w4 > hf (by
Lemma [E.§[iii)). This contradiction completes the proof. O
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Lemma E.9. The eigenvector j1, = (HA ,,uzB,,uA ,,uA ) of the Jacobian matriz Ja

associated with the negative eigenvalue A, ; satisfies ,uA /,uAB > 0, ,uz’B/,uI;{B > 0, and
0,B /, p,B

pgus < 0.

Proof. The eigenvector ju, is characterized by the vector equation (J4 — Ay 1)y = 0,

which yields

(wa — Ay )yt — pPobApLE — Bl AynB —
—oM Bt - (wa + hE = Ak =0,

A
QO’BPJ}L{ - 61’BM,14’B + (wa — /\A,l)M?LiB =0.
Substituting for ,LL}L{A from the second equation into the others, we obtain

[(wa = Ay )(wa+ b5 = Agy) = p70t 1B}uf — Pt BT ),

[GO’B(“)A + hﬁ - )‘A,1> — e Pyt B] /LA + (wa — )‘A,l) BH%B =0.

Since wy > e > % > vl > b8 we have (wy)? > v B, so the coefficient of ,uz’B in
the first equation is positive. Consequently, 5% /%P > 0, and thus also p*/p%? > 0
(since ,uZ’B # 0, as otherwise the entire vector p, would be zero). Finally, the coefficient
of 1P in the second equation is positive because %8 > eFylB (by Lemma ( i),
and wa + h5 — A, > wa+ 0 =r+et + P > 1 (by Lemma (1)) Therefore,
Wil " < 0. O

Proof of Lemma[E-j. We first establish that the functions ¢ and ¢»2 are well defined.
Recall that the function (z) is defined in Lemma[D.1] which also states that its inverse
=t [=r,00) = [0,1) is continuous, strictly increasing, and strictly concave. Moreover,
for any p? € (0, 1], the function z — Y(2) = ¥~} "1(pBz2)) is also strictly concave,
because composing an increasing strictly concave map with an affine transformation pre-
serves strict concavity. Additionally, T(0) > 0 and Y(1) < 1, so T has a unique fixed
point on [0, 1].

For any pP € [0, 1], the values e'* = ¢ 4(pP) and ebP = ¢1P(pP) satisfy pPelP =

P(el?) and el = (ebP). These equations correspond to the critical point conditions

for and :

0=
0=

(42 = (7 + pPeMP)(1 — ),
(") — (r +eb )(1 —ebP).

= N

That is, if e};} = ¢*(p§,) and e} = ¢“F(pk,), then ¢4 = 0 and ¢} = 0.
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The functions ¢"? and ¢'* are continuous and satisfy
2> Y (pP2))  ifand only if 2 > ¢"P(pP). (18)

To show that ¢4 and ¢'P are strictly increasing, let pil,pg2 € [0,1) with pf,l <
pi,. For zp = ¢"P(ph,), the monotonicity of ¢~! implies z, = ¥~ ' (™' (pF22)) >
¢ (7 (pP22)). Then gives 9“5 (py) = 2 > ¢"F(pP). Therefore, ¢F(p”) is
strictly increasing, and since ¢b4(p?) = 1 (¢"E(p?)), ¢*4(p?) is also strictly increasing.

We now prove part (i); part (ii) follows analogously. Let p” € [0,1] and ¢y > 0 be
such that pfyt > pP for all t > ty. Define

A B
e :mfeAt and e :mfeAt
t>to t>to

Let
X(z1, 22) == %zf — (r+29)(1 — 21).

Note that x(z1, 22) is increasing in z; and decreasing in z; for zq, 25 € [0,1), and x(21, 22) >
0 if and only if z5 < ¥(21).
We claim that

0 < x(eh, pPeh?) and 0 < y(ebB,ebY). (19)

Suppose the first inequality is violated, i.e., x(e"*, pPe>P) = =26 < 0. Define

By definition of e™4, the set T is nonempty. Since t — X(e At pBe1 B) is continuous, T is

closed. For all t € T, we have éz’ft‘ = X(eAt,pAteAt) < X(eAt pPebP) < —4. Since T is
closed, any boundary point ' of T belongs to 7, so ¢ t/ < —4. This 1mpl1es [t t'+e]l C T
for some ¢ > 0. Therefore, T = [t;, +00) for some t;. Consequently, el AJ/ decreases at
rate at least ¢ for all ¢+ > ¢;, contradicting that it is bounded below by e'4. The second
inequality in follows similarly.

To show e"* > ¢t (pP) and P > ¢"F(p?), note that (19) implies pZe"? < (")
and e'* < (eP). Since ¢ is increasing, we have pPel® < ¢ (y(ehF)), and thus
(™ (pBe1 B)) < eB. By (18), this gives e"? > gzﬁl’B(QB). The inequality eV >
¢! (pP) follows similarly.

Finally, by definition of e and e"?, we obtain ei{f > ¢4 (p?) and ellq’f > pMB(pP)
for all t > t,. O
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Lemma E.10. The function ¢*P(pP) is concave on [0, 1].

Proof of Lemma [E-10. Recall that for any p® € [0,1], B (p?) is the unique fixed point of
the mapping z — Y(z) := ¥~ (»"}(pP2)) on [0, 1]. Equivalently, #*Z(p?) is the inverse
function of W(z) = ¥(1(2))/z, defined for z € (0,1) N¥~([0,1)) N~ (Y ([0,1))).
Since ¢1P(pP) is strictly increasing (see Lemma , its concavity is equivalent to the
convexity of W.

We now establish that U”(z) > 0. Take any z € (0, 1) such that ¥ (2),¥(¢(z)) € [0,1).
Then,

W(2) = ¢/ (W(2)Y (2)2 7" = v(¥(2))z 7,
W(z) =" ((2)) ' (2))% 7 + w (W)Y (2)27" = 20" (P())¥' (2)2™* + 20 (1 (2))2
> (W))W ()2 — 20 (1 (2)d (2)277, (20)

where we have used that, by the choice of z, ¥(¢(z)) > 0, ¥"(z) > 0, and ¥'(¢(2)) > 0.
For z < 1, we have ¢ (z) < 1, and thus

2= ¢(2)][1 = ¢(2)].

This implies

which further yields

22(2 — 2)
2(1 —2)?

This can be rewritten as
V(2)z > Y(2)[2 = Y(2)] [1 = P(2)).

Note that

1/}(2)[2 - w(z)] " o 1
e M YR E R

Y'(P(z)) =
Multiplying the previous inequality by 1'(z)272(1 — 1(2))~3, we obtain

V(W))W ()2 > 20 ()Y (2)2 77

Combining this with (20]), we conclude that ¥”(z) > 0, which establishes the convexity
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of ¥ and thus the concavity of ¢*Z(p?). O]

Lemma E.11. Assume that p§, <1 for all t >0 and p5, — p% ., where p§ € [0,1].

1,A 1,B 1,A 1,B
Then (¢, k2, e%2,p8,) — (e, €%, %2, pf ) as t — +oc,

Proof of Lemma[E.11. Since pg,t — pﬁoo, for any € > 0 there exists 1" such that |p§7t —
phi| <eforallt>T. By Lemma , it follows that eAt — 6Aoo = ¢ (ph ) and
e = enh = obP(ph ) as t — +oo.

Consider the ODE ([14]), which can be written as

0,B,t

0.8 0P E%Y),  where kGP'(z) = %22—%(6}4?) —|—(r—|—eif)z

eAt =FRa (Cay

The functions £%”"(z) are continuously differentiable and converge uniformly to £%%%(z) :=

122 — 1(611450)2 + (r + ei{A )z as t — +o0. Since k57> is a quadratic polynomial with

2
positive leading coefficient, £%" °°(0) <0, and &% Oo(eilB ) > 0, it admits a unique pos-
itive root, which we denote eA . Thus, eAjoo (076,4700) and (k OBOO)’(e%ﬁO) > (0. By
Lemma [D.3} it follows that e At — e%i

Since eOAB;O < el Aoo, it follows from the ODE (15) that p§ < 1, because otherwise

pﬁ}t would necessarily be negative for large t, precluding p& 2, from exceeding 1.

Moreover, p§ = 1is excluded: it would require 60,420 = 6}45;0 at the critical point, but

then e%lgo = (r—i—eA OO)eA ~ > 0, contradicting stationarity. Therefore, (ei‘io, eiﬁo, eOAB;O, P50

is a critical point of the system .—. ) with p% 10 < 1, and thus, by Lemma , we

. LA 1B 0B 1,A 1B 0B B
obtaln(ero,ero,ero,pAoo) (GA*,GA*,eA*aPA*> O

Proof of Lemma[E.3. In any Markov perfect Bayesian equilibrium, the posterior belief
pit must be monotonic. Otherwise, there would exist 0 < t; < t5 such that pitl = pitQ
but p%, # p%,,, which would violate the Markov property

Since pf’t is monotonic and bounded, it must converge. The remainder follows directly
from Lemma [E. 11l O

Proof of Lemma[E.5. Suppose that to the contrary at least one of the inequalities
(Ex") () > 0 and (EZ")'(p) > 0

is violated at some p € [pr,p% ).

®Indeed, pf,t is the sole state variable in the game. If pﬁ’t is identical at two distinct times, then the

. 1,A 1,B 0,B . . . . . .B
associated values e 4;, €4/, and e, | must also coincide, which in turn implies that p; , must be equal

at those times.
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Define p = inf{p € (pr,p5}.) : (EXYY (p) > 0 and (E5P)(p) > 0}. Since the direction
(u A ,,uZB, [ ,,uZ’B) in which the solution has to converge to the critical point satisfies
p /P > 0 and pP /% > 0, both of the efforts have positive derivative for p close
enough to pﬁj*. Hence, p < pf .- What is more, by the initial assumption of the proof,

P > pr. Then (EY*Y(P) = 0 or (EYPY(P) = 0, and hence at time 7 > 0 such that

pg . =P we have éi"i =0 or 61146 = 0. We treat these two cases individually.

Case 1. Let éi{ﬁ = (0. Taking the derivative of and using that éi{ﬁ = 0, we obtain

6}413 - (pA‘r €r +pA TeA 7—)(1 —ey A) <0.

However, this is in contradiction with the fact that (EY*Y(p) = 0, while (E5?) (p) > 0
for p € (B, p5.)-
Case 2. Let éi{i = 0. Asin Case 1, taking the derivative of and using that éi{i =0,

we obtain

6114?_ = —eié(l —elP) <0,
which is in contradiction with the fact that (E5®)'(p) = 0, while (EY?)(p) > 0 for
pe s, O

Proof of Lemma[E§. Fix 6 > 0. Temporarily fix € > 0 and let p € [pr, p§, — ] satisfy
") - pES" ()| < e.

Consider the function

9P(2) = 327 = JEL" W) + [r + B3 (p)=.

Its derivative with respect to z is r + z + Ei"A(p), which is in absolute value lower than
r 4 2, when z < 1. Thus,

B (EY (p)) — 8 (pEL" () ‘ <(r+2) )E%B(p) — pEi;B(p)‘ <(r+2)e

Therefore, in order to prove that ¢%Z(p) < 0, which is equivalent to £%5 (E%B(p)) < 0,
it is sufficient to show that ¢%% (pE"(p)) < —(r + 2)e. This can be rewritten as

—5(L=)EL )] + [+ EX (WES" () < —(r +2)e. (21)

If we regard the left-hand side of as a quadratic function of EZ’B(p), it has a

negative leading coefficient, positive linear coefficient, and zero intercept. Thus, it is a

decreasing function whenever its value is negative. By Lemma [E.5 E}L{A(p) < 6}4’:: and
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by Lemma , o8B (p) < E}4’B(p), whenever p < pi*. Hence, to prove it is enough
to show that

C = =11 =)W + (7 + i) po"B(p) < —(r + 2z (22)
For p < p% , we have
C <0 () [-5 (1= 05.)) 0P w) +p (r+eil) ]

By Lemma P (p) is increasing and by Lemma it is concave on [0, p% ]. The
former implies that ¢17(p) > ¢»5(0), whereas the latter implies that

1.B pAfB’*—p 1,B P 1B/ B Pasx—DP 1B P 1B
¢-7(p) > Tﬁb (0)+§gb (pA,*):TQb (O)Jrg%*

Note that by its definition ¢*#(0) = 1~1()=1(0)) > 0. What is more, since 04" (p§ ,) = 0
and e®P(ph ) = p ,e"P(ph,), at the critical point the left-hand side of the inequality
(21)) is equal to 0, which gives us that

p
%[1 - (pﬁ,*)Q]G}L{,B; B — pﬁ,*(r + 61477*) B = p(T + eA,,*>'

i Pi.
1—(p§,)?
< —L[p"E(0))? )
pA,*

We conclude that the inequality , and thus also inequality , can be guaranteed

by putting
R S )
C2r+2) ph, ‘

Then, ¢%”(p) < 0 whenever ‘E%B(p) - pEi"B(p)‘ < g, as we wanted to prove. O
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Proof of Lemma[E.7]. For t > 0, the trajectory satisfies the constraints of Problem [I We
verify that each constraint extends to t = 0 by continuity and contradiction arguments.

e : 0,B B :
Condition p% , > 0: By the ODE (15), p%, = (1 —p%,) (el pﬁ’oeio), so it suffices

to show that 6?4’70 D2 0611413 > 0. For t > 0, the trajectories can be identified with

solutions of Problem I with initial condition p > pr, which satisfy pﬁt > 0 and hence

6?4]? D Ate At > 0. By continuity, e Aﬁ A Oe AO > 0. Suppose for contradiction that

6?4]3 pA7oeA70, so that pff o = 0. By Lemma [E.6| % o < 0. Moreover, by Lemma [E.5 and

pAvt > ( for t > 0, we have éi’f > ( for all £ > 0, so by continuity eA0 > 0. Therefore,

d (0B 1,B _ .0,B .1,B _ .0,B

p (eAt pAteAt) ‘t*O = €40~ DPrésig < €4 <0,
. . B 1,B B 1,B

which contradicts %" — pR.eq; > 0 for all t > 0. Therefore, S —ph et > 0 and

:B

Dao > 0.

Condition 6114’70,62€ € (0,1): By Lemma [E.5] 6114’? and ei{f are strictly increasing.

Therefore we only need to ensure that el’A >0 and 6}4’% > 0. Suppose to the contrary
that e 0 — 0 (the weak version of the inequality e} 0 4> 0 follows from the fact that e1 B

is part of a solution to Problem I with some p € P for t > 0.). Then, by (12 .,

1,4\2 1,B 1,A
= 5(exo)’ — (7’+pA06A0)(1 €do) < —1 <0,
which is a contradiction with the fact that éz’f is continuous and positive for all ¢ > 0.
Therefore, ei{’g > 0.
Now suppose to the contrary that er = 0. Then, by ,

B 1,A 1,B
= %(6,140)2 (r+eso)l—egy) < —r <0,

which is a contradiction with the fact that éi{f is continuous and positive for all ¢ > 0.
Therefore, e 0 > 0.

Condition eAO € (0,1 — eAO) Since eAt > 0 for all ¢ > 0, by continuity er > 0.
Suppose for contradiction that e AO = 0. Then, by (14 .

6?41503 —%(62,13)2 < 07

which contradicts eggf > ( for all £ > 0. Therefore, eﬂ{ﬁ > 0.
It rernains to show that eO’B <1 —ei{lg Since % At Biel At < 1forallt >0, by contlnulty
€Ao + ek o < 1. Suppose for contradiction that er + ek o = 1. Then, by (13) and (14),

.1,B 0,872 1,A\r 0,B 1,B 1,B
er + er %(@10) + (r+ er)[er (1— 6A,o)] = %(1 - eA,o)2 > 0,
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which contradicts eAt + eAt < 1 for all £ > 0. Therefore, er <1l- 6;%

Condition p% ; € (0,1): From the initial condition, p§ ; = pL € (0,p%,) € (0,1). O

F  Supplementary Appendix: Proofs for Appendix

Proof of Lemma[D.J]. Consider first the more general, not necessarily symmetric, case.
Let g5, = gj\_j;t. We show that firm j’s benefit from postponing revealing by At > 0 is
RI(gy;) At + o(At), where

Rl(gpr) = 90 (VAP Whre) = V(pi )]
_|_

r1,A, — INTF j 0,—jvt LA, —j

+ 9 (B4 (py ])] (eMt - P eMt V() = (r+en )Vat(p?),  (24)
where Vi(p; /) = Vit(p, ) + (1 — p;j)(Vj’A)’(p;j).ﬁ To see this, consider firm j that is
successful at time ¢t. Revealing at time t gives firm j payoff Vj’A(pt_ J ). Revealing at time
t+ At, assuming that the rival —j reveals a breakthrough with the hazard rate g,,, gives
firm j payoff

a _ ; _
5 B (v P At + gy A VP W)+ [L— (5 4+ gy + 90 ey VAV (0,7 a0)-

Then the gain from postponing revealing by At divided by At as At N\, 0 is

SEV D) + gulVEP W) — VI (0,9

R{ (9m) = 5
1 LA, —j LAV (=i
—(r+p, J6Mt])vA (p 7))+ (Vy ) (ps J)pJ\/[j,t'
Substituting in for pgj;t using the law of motion from Lemma , we obtain ([24)).

Note that when the coefficient at g,, is positive, then the hazard rates of revealing
of the two firms are strategic substitutes: Firm j prefers to postpone revealing whenever
th is above the threshold th = —Rj(O)/[Vj’B(p&t) V(p;”)]. As a result, g%/[’t =0
if th is above the threshold (i.e. th > th) th = e?\“ (or 400 when pg\“ > 0) if
th is below the threshold (i.e. th < th) and th is arbitrary when th equals the

threshold (i.e., gM7t = gM7t).

In the remainder of the proof consider the symmetric case (dropping the superscript
j). In such a case it can be shown numerically that VX’B(p) — V(p) is indeed positive
for all p € [0,1). Thus, if the firms have the same posterior beliefs about each other’s

success, then the coefficient of g,, in R;(g,,) is positive for any ¢ > 0. Intuitively, it is a

6We denote (Vj’A)/ the derivative of the function v!# with respect to the second argument.
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consequence of informational advantage a firm gets from knowing rival’s state as stated
in Proposition [0}

We now proceed with the proofs of properties (i)—(iv).

(i) Suppose to the contrary that lim, » g, , = 0 and g,,, > 0. Then firm j’s incentive
to postpone revealing at time ¢ is R;(g,,) = 0. Since the coefficient of g in Ri(g) is
positive, R:(0) < 0. By continuity of Rs(0) in s, there exists At > 0 such that R,(0) <0
for all s € [t — At,t]. Pick any such s at which g,,, = 0. Then R,(g,,,) = Rs(0) <0, so

firms have a strict incentive to reveal at time s, contradicting g,, ; = 0.

(ii) Suppose to the contrary that gy > 0 for an infinite increasing time sequence
t = ty1,tz,13,... such that ¢, — +00 as n — +o0. Since p,,, is non-decreasing, p,,
converges to some value Do @S T — +00. By assumption, G,,(p) has at most a finite
number of points of discontinuities, and so Gy, (p,,,) converges to some g, > 0. Then e},
has to converge to the solution of the steady-state version of the equation , e?\/[’t to a
steady-state version of the equation , and these limits have to satisfy the steady-state
version of equation (16). Moreover, e}, = EY*(py,) converges to Ey”(p,,). However,
it can be shown numerically that the critical point of the system of ODEs (14)—(16) with
El(p M) = Eil’A(p ;) has at most one critical point, and this critical point is of a source
type (all the eigenvalues of the Jacobian have positive real parts). This is a contradiction,
as the system of ODEs cannot converge to a critical point of a source type. The situation
is illustrated in Figure [4

0.14 |

013 |

0.12 ‘ ‘
0 0.03 0.06

Figure 4: Phase diagram for the system of ODEs (15)—(16]) for p = 0.2. It demonstrates
that the critical point is of a source type.

(iii) Firm j’s continuation value at time T"is vy, = Vg (ppp). Since firm j is revealing
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prior to time T', we have lim; ~r vy, = V" (py, 7). Firm’s continuation value vy, has to

be continuous in ¢, as it is associated to a fixed state, so
1 ol = limol . = A
Vs (pM,T) = U1 = tI/H% Upme = Va (pM,T)'

(iv) Recall that we denote p,, the unique value of belief such that V& (5,,) = Vi (y);:
see Lemma . The system of ODEs ([14)—(L6) with E},(py,,) = EY (Par,) can be solved
numerically going from the posterior p = p,, back to p = 0. The numerical solution
demonstrates that G, (p) is strictly decreasing in p for p € [0,5,,], whenever the solution
exists. Claim (i) guarantees us then that going back in time firms cannot stop revealing
spontaneously (whilst 9 can discretely drop to 0 as ¢ increases, it cannot happen as ¢

decreases). O
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